We study the Roberge-Weiss (RW) transitions at different center symmetry breaking cases by using a Z3-QCD model. In our calculation, the flavor-dependent quark imaginary chemical potentials form an arithmetic sequence with a variable tolerance: (µu, µ d , µs) = (i(θ − 2Cπ/3)T, iθT, i(θ + 2Cπ/3)T ), which guarantee the RW periodicity. For N f = 3 with C = 1, the RW transitions appear at θ = (2k + 1)π/3(k ∈ Z), which is same to the traditional one. In contrast, the RW transitions happen at θ = 2kπ/3 for N f = 2 + 1 with fixed C = 1. When decreasing C from 1 to 0, the RW transition point moves from 2kπ/3 to (2k + 1)π/3 for N f = 2 + 1. The nature of the RW endpoints in these cases and its implication to the deconfinement transition is also investigated.
I. INTRODUCTION
Exploration of the quantum chromodynamics (QCD) phase diagram at finite temperature and density is one of the most challenging subjects in particle and nuclear physics. As a first-principle method, the Lattice QCD (LQCD) simulations yield many meaningful results at vanishing baryon chemical potential ( see [1] and references therein ). However, it is still unavailable at nonzero real chemical potential region because of the well-known sign problem [2] . To evade this difficulty, various methods have been developed [3] [4] [5] [6] [7] [8] . One useful approach is the analytic continuation from imaginary to real chemical potential [7] [8] [9] , in which the fermions determinant is real and thus free from the sign problem.
Introducing an imaginary chemical potential µ I = iθT in QCD corresponds to replacing the fermion antiperiodic boundary condition by the twisted one. In this case, the partition function satisfies Z(θ) = Z(θ + 2π/3), which is called the Roberge-Weiss (RW) periodicity [10] . Since Z 3 symmetry is broken by dynamical quarks, the effective potentials Ω φ (φ = 0, ±2π/3) of the three Z 3 sectors have a shift of 2π/3 each other above some critical temperature T RW and the physical solution is determined by the absolute minimum of the three effective potentials. This leads to the discontinuity of dΩ QCD (θ)/dθ at θ = (2k + 1)π/3 (k ∈ Z), which is known as the RW transition [10] . The RW transition is related to the Z 2 symmetry breaking and the order of the endpoint is still under debate. LQCD simulations suggest that the nature of the RW endpoint may depend on quark masses [11] [12] [13] [14] [15] [16] [17] [18] [19] : For intermediate quark masses, it is a critical end point (CEP), while for large and small quark masses it is a triple point. The latest LQCQ calculation provides evidence that the RW endpoint transition remains second order, in the 3D Ising universality class, in the explored mass range corresponding to m π ≃ 100, 70 and 50 MeV [20] . The RW transition has also been investigated * xiufeili@ncepu.edu.cn † zhaozhang@pku.org.cn in effective models [21] [22] [23] [24] [25] [26] . Due to the analogy between θ and the Aharonov-Bohm phase, it is proposed that the RW transition can be considered as a topological phase transition [27] .
Note that special flavor-twisted quark boundary conditions (BCs) can also lead to an unbroken Z Nc center symmetry. As shown in [28, 29] , for N f quark flavors with a common mass in the fundamental representation, the SU (N c ) gauge theory with d ≡ gcd(N f , N c ) > 1 has a Z d color-flavor center (CFC) symmetry when imposing the Z N f symmetric twisted quark BCs in the compact imaginal-time direction. The Z d symmetry appears due to the intertwined color center transformations and cyclic flavor permutations. The QCD-like theory for N c = N f = 3 under such BCs is termed as Z 3 -QCD [28] , in which the Polyakov loop is the true order parameter due to the exact Z 3 symmetry. The Z 3 -QCD is an interesting and instructive theory which is useful for understanding the QCD deconfinement transition [28] [29] [30] [31] [32] [33] [34] . The lattice study on Z 3 -QCD has been performed in [32] with the aim to reveal the relationship between the center symmetry and chiral transition. The Z 3 -QCD properties in the density region is investigated in the effective model [33] .
As mentioned, the twisted quark BCs in Z 3 -QCD can be replaced with the standard fermion BCs by introducing three flavor-dependent imaginary chemical potentials µ f = iθ f T ( shifted by i2πT /3). Unlike the pure gauge theory, the center symmetry of Z 3 -QCD can be explicitly broken by different ways, i.e., nondegenerate quark masses or no equal 2π/3 difference in θ f or both of them. In this sense, some natural and interesting questions arise: whether the Z 3 symmetry breaking caused by these ways can lead to RW transitions? How do these RW transitions depend on the center symmetry breaking manners? What are the differences between these RW transitions and the traditional ones in QCD with a flavor-independent µ I ? Answering these questions may deepen our understanding on the relationship between Z 3 symmetry, RW transition and deconfinement transition. The advantage of the Z 3 -QCD theory is that we can study how the degree of Z 3 symmetry breaking can af-fect the nature of the RW and deconfinement transitions from different angles.
The main purpose of this work is to study how the RW transitions depend on the center symmetry breaking manners by using a Z 3 -QCD model. We employ the PNJL model since it possesses the extended Z 3 symmetry that QCD does and can reproduce the RW periodicity [35] . Without loss of generality, three different imaginary chemical potentials (µ u , µ d , µ s )/T = (i(θ − 2πC/3), iθ, i(θ + 2πC/3)) with 0 ≤ C ≤ 1 are adopted, which guarantees Z(θ) = Z(θ + 2π/3) [26] . For nondegenerate flavor cases or C = 1, the Z 3 symmetry is broken and the shifts between three Z 3 sectors at high temperature may induce RW transitions. We focus on three center symmetry breaking cases: (1) . N f = 3 with varied C; (2) . N f = 2 + 1 with fixed C = 1; (3). N f = 2 + 1 with varied C. We study the impacts of the different values of C and strange quark mass on the RW and deconfinement transitions.
The paper is organized as follows. In Sec. II, the 2+1 flavor PNJL model with flavor-dependent imaginal chemical potentials is introduced. In Sec. III, we present the results of the numerical calculation. Sec. IV gives the discussion and conclusion.
II. THE PNJL MODEL
The Lagrangian of three-flavor PNJL model in Euclidean spacetime is defined as
where
is the covariant derivative with Gell-Mann matrices λ a and the SU c (3) gauge coupling g s , q = (q u , q d , q s )
T is the quark field, andm = diag(m u , m d , m s ) denotes the current quark mass matrix. G S and G D stands for the coupling constant of the scalar-type four-quark interaction and the the Kobayashi-Maskawa-'t Hooft determinant interaction [36] [37] [38] , respectively. The imaginary
, T denotes the Polyakov-loop potential which is a function of temperature T , Polyakov loop Φ and its conjugate Φ * . They are defined by
with
where P is the path ordering. τ ∈ [0, β = 1/T ] is the Euclidean time interval and A 4 = iA 0 . In the Polyakov gauge, the matrix L can be represented as a diagonal form in the color space
here
In the imaginary chemical potential region, Φ * is the complex conjugate of Φ and has nonzero imaginary parts. Therefore, we can write Φ * and Φ as
where φ is the phase of the Polyakov loop Φ. In this work, we use the logarithmic Polyakov potential proposed in Ref. [39] :
For the pure gauge Yang-Mills theory, the critical temperature of deconfinement phase transition is T = T 0 . Originally, the value of T 0 is 270 MeV, which is fitted by the pure gauge lattice QCD calculation [40, 41] . However, in full dynamical QCD, the PNJL model with T 0 = 270 MeV predicts higher pseudocritical temperature of the deconfinement than LQCD prediction T c ∼ 160 MeV at vanishing chemical potential [42] [43] [44] [45] [46] . In this paper, we take a fixed T 0 = 195 MeV which leads to a lower pseudocritical temperature as show in Ref. [47] . The parameters of the Polyakov potential are list in Table I .
In the mean-field approximation, the thermodynamic potential can be written as
As usual, the three-dimensional cutoff Λ is introduced to regularize the vacuum contribution. The dynamical quark masses defined by
where The PNJL model has six parameters and a typical set is obtained in Ref. [48, 49] . The parameter set is determined by the empirical values of η-and π-meson masses and π-meson decay constant f π at vacuum. The present paper involves five values of strange quark mass (m s = 5.5, 10, 140.7, 300, 600 MeV). These parameter sets are summarized in Table II . The condensates σ f (f = u, d, s), the Polyakov loop variables Φ and Φ * are determined by the stationary conditions, 
III. NUMERICAL RESULTS
In this section, we show numerical results of the PNJL model at the imaginary chemical potentials (µ u , µ d , µ s ) = (i(θ−2Cπ/3)T, iθT, i(θ+2Cπ/3)T ) with 0 ≤ C ≤ 1. The m u(d) keeps the physical value 5.5 MeV in all the calculations. In the first subsection, we study the RW and deconfinement transitions for N f = 3 by decreasing C from 1 to 0 . In the second subsection, we adopt four values of the strange quark mass i.e., m s = 10, 140.7, 300, 600 MeV to study the RW and deconfinement transitions for fixed C = 1. In addition, the flavor symmetry between u and d quarks for m s = 140.7 MeV is also discussed. The RW-like transitions for N f = 2 + 1 with varied C are investigated in the last subsection. Without loss of generality, we take a fixed temperature T = 250 MeV at which the RW transition has occurred. At high temperature, the Polyakov potential Eq. (6) has three local minima at φ = 0 and ±2π/3 which correspond to the three Z 3 sectors. In this case, there exists three solutions of the thermodynamic potential Ω φ (φ = 0, ±2π/3) and the ground-state solution Ω GS is obtained by finding the absolute minimum of the three solutions.
A. The case of three degenerate flavors
In the case of three degenerate flavors with C = 1, the system has Z 3 symmetry (Z 3 -QCD). Fig.1 stands for the thermodynamic potential Ω as a function of θ with C = 1 at T = 150 MeV(dot-dashed line) and T = 250 MeV(solid line). The ground state has a 3-fold degeneracy at high-T , which corresponds to the three phases (φ = 0, ±2π/3) of the Polyakov loop Eq. (5), but no degeneracy at low-T where the Polyakov loop becomes zero. This is similar to the pure gauge theory where the ground state is also 3-fold degeneracy at high-T and no degeneracy at low-T . For Z 3 -QCD, the degeneracy of the three Z 3 sectors at high-T indicates that there is no the RW transition. When T = 150 MeV, the θ-dependence of Ω is weaker than the case of T = 250 MeV, since only the logarithm term of the PNJL thermodynamic potential Eq. (7) includes θ explicitly and the Polyakov loop Φ = 0 at T = 150 MeV and |Φ| ∼ 0.7 at T = 250 MeV. Comparing Fig.1(a) with Fig.1(b) , we find that the peaks of the former are located at θ = 2kπ/3, however the peaks of the latter are located at θ = (2k + 1)π/3. This difference comes from the twisted boundary conditions which determines the RW transition caused by breaking the Z 3 symmetry of the Z 3 -QCD is different from the standard RW transition.
In Fig.2 , we show the thermodynamic potential Ω for the RW transition with different C (C = 0.999, 0.99, 0.9, 0.3) at T = 250 MeV. The ground-state solution Ω GS is obtained by finding the absolute minimum of the three solutions Ω φ (φ = 0, ±2π/3). When C = 1, the BCs is changed, therefore the Z 3 symmetry of the Z 3 -QCD is broken and there exists the shifts between the three Z 3 sectors at high-T . Those shifts induce the thermodynamic potential Ω appears cusps at θ = (2k + 1)π/3 (k ∈ Z) in the θ-Ω plane, which indicates the RW transition occurs as shown in Fig.2(a)-(d) . When C is very close to 1 such as C = 0.999, 0.99 where the system can still be considered to have an approximate Z 3 symmetry, the cusps and the RW transition are not obvious as shown in Fig.2(a)-(b) . But when C 0.9, they are very obvious as shown in Fig.2(c)-(d) . When C = 0.3, the each solution is discontinuous in the θ-Ω plane as shown in Fig.2(d) . Specifically, the solution Ω 0 vanishes in the region of 0.6π < θ < 1.4π, and the region is shifted by ±2π/3 for another two solutions. This is similar to the standard RW transition of the two-flavor [22] . The cusps of the thermodynamic potential Ω at θ = (2k + 1)π/3 become more pointed with the decrease of C, which indicates that the RW transition is stronger. With the decrease of C, the deconfinement transition changes from the first-order to the crossover and the θ-dependent of the transition line in the θ-T plane is more strong. When C = 0.8, 0.5, the RW endpoint is a triple point and the solid lines stand for the first-order deconfinement transition. When C = 0, the RW endpoint is still a triple point, but the first-order deconfinement transition only appears at a very small region around the RW endpoint. In this subsection, we consider the case of 2+1 flavors. Fig.4 presents the thermodynamic potential Ω as a function of θ with C = 1 and the different strange quark mass m s . In this case, the Z 3 symmetry of the Z 3 -QCD is broken by the difference between the light quark mass m l (l = u, d) and strange quark mass m s . Therefore there exists the shift between three Z 3 sectors at high-T , which leads to the RW transition. As for m s = 10 MeV, the RW transition is not strong (the cusps located at θ = 2kπ/3 are not very sharper), since the difference between the m s and m l = 5.5 MeV is small. As for m s = 140.7 MeV, the cusps are more sharper and the RW transition becomes stronger. The RW transition shown in Fig.4 is located at θ = 2kπ/3 , which is different from the standard RW transition that is located at θ = (2k + 1)π/3. This difference stems from the flavor-dependence twisted boundary conditions. On the other hand, it is also obvious that the RW transition occurs at θ = 2kπ/3 when T = 250 MeV from the imaginary part of the quark number density Im(n q )=Im When T = 180 MeV, the thermodynamic potential Ω has the RW periodicity and is smooth for any θ. However, when T = 190 MeV, it appear cusps at θ = 2kπ/3, which indicates that the RW transition occurs here and the RW critical temperature is located in 180 < T < 190 MeV. The peaks and troughs of the thermodynamic potential in the low-T region are located at θ = (2k + 1)π/3 and 2kπ/3, respectively. But in the high-T region, the locations of peaks and troughs are exchanged. This is the same as the case of three degenerate flavors as shown in Fig.1 . We can consider it as a remanent of the case of three degenerate flavors. Figure. 7 presents the thermodynamic potential Ω as a function of θ at T = 250 MeV and the θ-T phase diagram with C = 1 and the different strange quark mass m s (m s = 140.7, 300, 600 MeV). As for different m s , the deconfinement transition is the first-order at any θ and the RW endpoint is a triple point. The cusps of the thermodynamic potential Ω in the θ-Ω plane are located at θ = 2kπ/3 and become more pointed with the increase of the strange quark mass m s , which indicates that the RW transition becomes more stronger. Meanwhile, the θ-dependent of the deconfinement transition line in the θ-T plane is more obvious as shown in Fig.3(b) . In this case, we can consider the RW transition has a more greater impact on the first-order deconfinement transition line in the θ-T plane. Figure.8 shows the isovector condensate a 0 = ūu −dd as a function of θ with C = 1 and m s = 140.7 MeV. Here a 0 is normalized by and θ = π/3 
is invariant where we just concentrate on the region of 0 θ < 2π/3 owning to the RW periodicity. The break- ing of the flavor symmetry at high-T (190 MeV) comes from the RW transition and twisted boundary conditions [22, 28] .
C. The case of N f = 2 + 1 with varied C Figure. 9 is the thermodynamic potential Ω as a function of θ and the θ-T phase diagram with the strange quark mass m s = 140.7 MeV and the different C (C = 0.9, 0.7, 0.5, 0) at T = 250 MeV. The ground-state solution Ω GS is obtained by finding the absolute minimum of the three solutions Ω φ (φ = 0, ±2π/3). The location of the RW transition appears at the lowest crossover point of any two φ-dependent solutions. It is obvious that with the decrease of C, the location of the RW transition is more close to θ = (2k + 1)π/3 and it ap- pears at θ = (2k + 1)π/3 when C = 1. When C = 0.7 and C = 0.5, the solution Ω −2π/3 vanishes in the region of 0 < θ < 0.117π and 0 < θ < 0.1π, respectively, however another two solutions are continuous for any θ. When C = 0, the solution Ω 0 vanishes in the region of 0.6π < θ < 1.4π, and the region is shifted by ±2π/3 for another two solutions. This is similar to the Fig.2(d) .
IV. DISCUSSION AND CONCLUSION
In this paper, we investigate the nature of RW transitions at different center symmetry breaking cases for N f = 3 and N f = 2 + 1 in a Z 3 -QCD model. The flavordependent imaginary chemical potentials (µ u , µ d , µ s ) = (i(θ − 2Cπ/3)T, iθT, i(θ + 2Cπ/3)T ) with 0 ≤ C ≤ 1 are adopted, which ensures the RW periodicity Z(θ) = Z(θ + 2π/3). The Z 3 symmetry is explicitly broken when three flavors are non-degenerate with C = 1 or C = 1 with degenerate flavors.
We first demonstrate that the thermodynamic potential Ω(θ) for N f = 3 and C = 1 peaks at θ = (2k + 1)π/3 and 2kπ/3 (k ∈ Z) in low-and high-T , respectively. Namely, the shift of the peak position of Ω(θ) from θ = (2k + 1)π/3 to θ = 2kπ/3 with T just corresponds to the first order deconfinement transition. There is no the RW transition in this case since the center symmetry is not broken.
For N f = 3 with C = 1, the RW transitions occur at θ = (2k + 1)π/3 when T > T RW , which is same as the standard one with a flavor-independent µ I . As expected, the RW transition becomes stronger when C decreasing from 1 to 0. It is found that the RW endpoint is always a triple point for C = 1 in the case of m u = m d = m s = 5.5 MeV. The first-order deconfinement transition line evaluated by the PL in the θ − T plane becomes shorter quickly when C approaching 0. For C = 0, the firstorder deconfinement transition only appears at a very small region around the RW endpoint.
For N f = 2 + 1 and C = 1, the RW transitions appear at θ = 2kπ/3, which is distinct from the standard one. This can be viewed as a remanent of the spontaneous center symmetry breaking at high temperature for N f = 3 and C = 1 where the peaks of the thermodynamic potential Ω(θ) are also located at θ = 2kπ/3. It is found that the cusps of Ω(θ) become sharper with the increase of m s and the RW endpoint transitions are always first order for m s = 140.7, 300, and 600 MeV with physical m u(d) in PNJL. Different from N f = 3 with C = 1, only the first-ordr deconfinement transition appears in the θ − T plane.
When C changes from 1 to 0 for N f = 2 + 1, the center symmetry is further broken and the RW transition point moves gradually from θ = 2kπ/3 to (2k + 1)π/3. In this case, the order of the RW endpoint mainly depends on the deviation of C from 1 rather than the mass difference between m s and m u(d) (In our calculation, m s can not be very large due to the cut-off limitation of PNJL).
The study gives examples of how the nature of the RW transitions depends on the degree and manner of the center symmetry breaking. These interesting results may be illuminating to understand the relationship between Z 3 symmetry, RW transition and deconfinement transition at finite imaginary chemical potential and temperature region where the LQCD simulations are available. Moreover, the conclusions obtained here are mainly based on the effective model analysis and the further study is necessary by employing the LQCD simulations or the perturbative strong coupling QCD.
